LIMIT, CONTINUITY & DIFFERENTIABILITY

CONTINUITY

1. DEFINITION

A function f(x) is said to be continuous at x = a; where
a € domain of f(x), if

limﬁf(x) = lim+f(x) = f(a)

X—a X—a
1.e., LHL =RHL = value of a functionatx=a
or ){iigf(x)zf(a)

1.1 Reasons of discontinuity

If f(x) is not continuous at x = a, we say that f (x) is
discontinuous at x = a.

There are following possibilities of discontinuity :

1. lim f(x) and [im f(x) exist but they are not
X—a x—>a+
equal.

2. lim f(x) and lim f(x) exists and are equal but
Xx—a x—a®
not equal to f'(a).

3. f(a) is not defined.

4. Atleast one of the limits does not exist. Geometrically,

the graph of the function will exhibit a break at the
point of discontinuity.
/A

0 T T
1 2 3 4

The graph as shown is discontinuous at x = 1, 2 and 3.

2. PROPERTIES OF CONTINUOUS FUNCTIONS

Let f(x) and g (x) be continuous functions at x = a. Then,

1. ¢ f(x) is continuous at X = a, where c is any constant.
2 f(x) £ g (x)is continuous at x =a.

3. f(%). g (x) is continuous at x =a.

4. f(x)/g (x) is continuous at x = a, provided g(a) # 0.-
5 If f(x) is continuous on [a, b] such that f(a) and f(b)

are of opposite signs, then there exists at least one
solution of equation f(x) =0 in the open interval (a, b).

Suppose f(x) is continuous on an interval I, and a and b are any
two points of I. Thenif'y, is a number between f(a)and f(b),
their exits a number ¢ between a and b such that f(c) =y,

a°

That a function / which is continuous in [a, b] possesses
the following properties :

@) If f(a) and f(b) possess opposite signs, then there
exists at least one solution of the equation
f(x) =0 in the open interval (a, b).

(ii) IfKisanyreal number between f(a)and f(b), then
there exists at least one solution of the equation f
(x) =K in the open interval (a, b).

(@ A function f is said to be continuous in (a, b) if f is
continuous at each and every point € (a, b).

() A function f is said to be continuous in a closed
interval [a, b] if :

(1) f is continuous in the open interval (a, b) and

2) f is right continuous at 'a' i.e. Limit

—

f(x)=/(a) = a finite quantity.

@3) [ is left continuous at 'b'; i.e. Limit
x—b~

f (x) = f(b) =afinite quantity.
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LIMIT, CONTINUITY & DIFFERENTIABILITY

5. A LIST OF CONTINUOUS FUNCTIONS

Function f (x) Interval in which
f (x) is continuous
1.  constant ¢ (—0, )
2. x" nisaninteger >0 (—o0, 00)
3. X™ nis a positive integer (~o0, 0) — {0}
4. |xa (00, 00)
5. P(=ax'tax"'+..+a  (-0,0)
o PO .
. , where p (x) and (—00, 00)—{x ; q (x)=0}
q (x)
q (x) are polynomial in x
7. sinx (—00, 0)
8  cosx (00, 00)
9. tanx (00, 00) —{(211 +1) g; ne 1}
10. cotx (-0, 0)—{nm:nel}
11. secx (—o0,0)—{(2n+1)
/2 :nel}
12.  cosecx (—0,0)— {nn:nel}
13. e* (o0, 00)
14, logx (0, 0)

6. TYPES OF DISCONTINUITIES

Type-1 : (Removable type of discontinuities)
In case, Limit f (x) exists but is not equal to f(c) then the
X—>C
function is said to have a removable discontnuity or
discontinuity of the first kind. In this case, we can redefine
the function such that Limit f(x) = f(c) and make it
X—>C
continuous at X = ¢. Removable type of discontinuity can be
further classified as :
(a) Missing Point Discontinuity :

Where Limit f (x) exists finitely but f(a) is not defined.

X—a

(1-x) (9—x2)

Eg f(x)= (1 ) has a missing point discontinuity
-X
atx=1,and
sinx

f(x)= —— has a missing point discontinuity at x = 0.
X

Y S Lim f(x) —> exist finitely.
X—a
f(a) = does not exist.
!
— :
- X
a

missing point discontinuity at x = a

(b) Isolated Point Discontinuity :

Where Limit f (x) exists & f (a) also exists but;

Limit #f(a).

2
16
X 1 x #4and f(4)=9 has an isolated point

E.g f(x)=

X —

discontinuity at x = 4.

o 0 ifxel )
Similarly f(x) = [x] + [-x] = . has an isolated
-1 ifxegl
point discontinuity atall x € I.
NY Lim f(x) — exists finitely

@ £

| ’ f(a) — exists.
! But, Lim £(x) # /(a)

|
i
i
i
a >

Isolated point discontinuity at x = a

Type-2 : (Non-Removable type of discontinuities)

In case, Limit f(x) does not exist, then it is not possible to
X —>a

make the function continuous by redefining it. Such
discontinuities are known as non-removable discontinuity
or discontinuity of the 2nd kind. Non-removable type of
discontinuity can be further classified as :

A1 ¢Y)

Lim f(x)—does not exist.
X—a

> X

non-removable discontinuity at x =a
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LIMIT, CONTINUITY & DIFFERENTIABILITY

@

(b)

©

Finite Discontinuity :

E.g., f(x)=x—[x] atall integral x; f(x)=tan™ 1 atx=0and
X

f(x)= — —atx=0 (notethat £(0)=0; f(0)=1)

1+ 2%
Infinite Discontiunity :

1

(x=4)

1
Eg, f(x)=——;org(x)=

atx=4; f(x)=2bm™
x—4

b cos X
atx:E and f(x)= atx=0.

Oscillatory Discontinuity :
1
E.g., f(x)=sin — atx=0.
X

In all these cases the value of f'(a) of the function atx = a

(point of discontinuity) may or may not exist but Limit does
X—a

not exist.

ol 4

Nature of discontinuity

From the adjacent graph note that

— f is continuous at x =—1
— f hasisolated discontinuity at x =1
— f has missing point discontinuity at x =2

— f has non-removable (finite type) discontinity at the origin.

(@)

(b)

(©

@

(e)

®

(€9)

In case of dis-continuity of the second kind the non-
negative difference between the value of the RHL at
x=aand LHL atx =a is called the jump of discontinuity. A
function having a finite number of jumps in a given interval
Iis called a piece wise continuous or sectionally continuous

function in this interval.

All Polynomials, Trigonometrical functions, exponential
and Logarithmic functions are continuous in their

domains.

If f(x) is continuous and g (x) is discontinuous at x = a
then the product function ¢ (x) =f(x) . g (x) is not necessarily

be discontinuous at x = a. e.g.

sinTE x#0
f(x)=xand g(x)=| X
| 0 x=0

If f(x) and g (x) both are discontinuous at x = a then the
product function ¢ (x) = f(x) . g (X) is not necessarily be

discontinuous at x=a. e.g.

1 x>0
-1 x<0

f(X)=—g(X)={

Point functions are to be treated as discontinuous eg.

f(X)= 4/1-x + +/x—1 is not continuous atx = 1.

A continuous function whose domain is closed must have

a range also in closed interval.
If f is continuous at X = @ and g is continuous at

x = f(a) then the composite g [ f(x)] is continous at

X sinx
x2+2

x=a E.g f(x)= and g (x) = [x| are continuous at X

=0, hence the composite (gof) (x) = will also be

x> +2

continuous at x = 0.
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LIMIT, CONTINUITY & DIFFERENTIABILITY

= Left hand derivative = Lim

h—0
1. DEFINITION

= Slope of tangent at A (when approached from left) /”'(a").
Thus, f(x)is differentiable atx =c.

DIFFERENTIABILITY [
—-h

fla=h —f(a)j

Let f(x) be a real valued function defined on an open interval
(a,b) wherec € (a,b). Then f(x) is said to be differentiable or

derivable atx =c, _
& lim f(() )( exists finitely
) —c —C
iff, lim M exists finitely.
X—C (X—C)
o O-@) 1)1
This limit is called the derivative or differentiable coefficient e ( —c) s —c)
of the function f (x) at x = ¢, and is denoted by
, d o Sle=h)-r(e) _ . Slcth)-/(c)
ey or o), e
Hence, lim f(x)—f(c) = lim f(c—h)—f(c) is
e (x—c) h—>0 —h

Y=/
(ath, f(a+h))

called the left hand derivative of f(x) atx=cand
is denoted by f' (¢”) or L /' (¢).

Right secant
through A

Left secant
through A

white, zim T =S _,, Seth) = 1(¢)

! is
Tangent at A. x—>c* X—¢ h—0 h

A
(a-h, f(a-h)) Q
called the right hand derivative of f(x)atx=c
and is denoted by f' (c*) or R f” (¢).

[ SRR

h “h X If /' ()= f' (c'), we say that f(x) is not differentiable
atx=c.
+h) — 1. A function f(x) defined on an open interval (a, b) is said to
° Slope of Right hand secant = M as ) f( ) . . P . (8 ) ne
h be differentiable or derivable in open interval (a, b), if it is

h = 0, P —> A and secant (AP) — tangent at A differentiable at each point of (a, b).

2.  Afunction f(x) defined on closed interval [a, b] is said to be

. Right hand derivative = Lim(f (a+h) -/ (a)J differentiable or derivable. “If f is derivable in the open
h—0 h interval (a, b) and also the end points a and b, then f'is said

= Slope of tangent at A (when approached from right) to be derivable in the closed interval [a, b]”.

@)
ie., lim M and [im M,both exist.

a-h)- f(a —a’ —a b —b
[ Slope of Left hand secant = f(+1f() ash
A function f'is said to be a differentiable function if it is

— 0, Q > A and secant AQ — tangent at A differentiable at every point of its domain.
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LIMIT, CONTINUITY & DIFFERENTIABILITY

1. If f(x) and g (x) are derivable at x = a then the
functions /(x) + g (x), f(X)—g (X), f(X). g (x) will also
be derivable at x=a and if g (a) # 0 then the function
f (x)/g(x) will also be derivable at

X=a.

Converse : The converse of the above theorem is not
necessarily true i.e., a function may be continuous at a
point but may not be differentiable at that point.

E.g., The function f(x) = |x| is continuous at x = 0 but it is

not differentiable at x = 0, as shown in the figure.
2. If f(x) is differentiable at x = a and g (x) is not

differentiable at x = a, then the product function

F (x) = f(X). g (x) can still be differentiable at 4

x=a.E.g f(x)=x andg (x)=x. J &)=l
3. If f (x) and g (x) both are not differentiable at X' < > x

x = a then the product function; F' (x) = f(x). g (X) o

can still be differentiable at x = a. E.g.,
S)=[x|and g (x) =[x]. vy
4. If f(x) and g (x) both are not differentiable at
x = athen the sum function 7' (x) = f(x) + g (x) may

be a differentiable function. E.g., 7 (x) = |x| and The figure shows that sharp edge at x = 0 hence, function
g(x)=—|. is not differentiable but continuous at x = 0.

5. If f(x)is derivableatx=a

= f’(x)is continuous atx = a.

26nt if =0
eg f=
0 if =0

3. RELATION B/W CONTINUITY &

DIFFERENNINBILINY

In the previous section we have discussed that if a function
is differentiable at a point, then it should be continuous at
that point and a discontinuous function cannot be

differentiable. This fact is proved in the following theorem.

Theorem : If a function is differentiable at a point, it is
necessarily continuous at that point. But the converse is

not necessarily true,
or f(x)is differentiable atx =c

=  f(x)iscontinuous atx =c.
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(a) Let /" (a)=p & f' (a) = q where p & q are finite then

i p=9g = fisderivableatx=a
= f is continuous at x = a.
(i)p=q = fisnot derivable atx =a.

It is very important to note that f may be still continuous

atx=a.
In short, for a function f:
Differentiable = = Continuous;

Not Differentiable - Not Continuous

(i.e., function may be continuous)
But,
Not Continuous = Not Differentiable.

(b) Ifa function fis not differentiable but is continuous at
X = a it geometrically implies a sharp corner at

X=a.

Theorem 2 : Let fand g be real functions such that fog is
defined if g is continuous at x = a and f'is continuous at g

(a), show that fog is continuous at x = a.
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DIFFERENTIATION

DIFFERENTIATION

2. DERIVATIVE OF STANDARD FUNCTION

1. DEFINITION

(@)

(b)

Let us consider a function y = f(x) defined in a certain interval.
It has a definite value for each value of the independent

variable x in this interval.

Now, the ratio of the increment of the function to the increment

in the independent variable,

Ay _ f(x+Ax)- f(x)
Ax Ax

A
Now,asAx — 0,Ay— 0 and A_z — finite quantity, then

d
derivative f(x) exists and is denoted by y" or f”(x) or d_z

Thus, f'(x)= lim (ﬂj: lim f(x+Aax)- f(x)

x—0  AX Ax—0 AX

(if it exits)
for the limit to exist,
f(x=h)- /()

=1l
h—0 —h

lim
h—0

f(x+h)-f(x)
h
(Right Hand derivative) (Left Hand derivative)

The derivative of a given function f at a point x = a of its
domain is defined as :

Limitw , provided the limit exists & is
h—0

@) di(x“):n.x“_l;xeR,neR,x>0
X

i) ——(e¥)=¢"

d

—l(a*)=a*.lna(a>0
dx( ) ( )

(iii)

d 1
(iv) d—(1n|x|) .

X

d 1
(V) &(loga |X|):;1Ogae

(vi) i(sin X) = oS X
dx

di(cos X)=—sin x
X

(vii)

d 2
111) —(tan x) =sec” x
(viii) dX( )

(ix) d—X(sec X)=sec X . tan X

d
®) d—(cosec X)=—cosec X . cot X
X

(xi) dix(cot X )=—cosec” x

denoted by f”(a). (xii) di(constant) =0
X
Note that alternatively, we can define
1
-1

. f(x)—-fla (xii)) ——|Sn = ) —1<x<1
/'(a)=Limit M , provided the limit exists. X ( ) 1-x2

X—a X—a
This method is called first principle of finding the derivative (xiv) _( cos-! x) _ -1 ’ _1ex<l
of f(x). X 1-x?
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DIFFERENTIATION

d ~ 1 du, duy

) d_X(tan 1X):1+X2’ <eR +(gj(ul u, uy ...un)+(gj(ul U, Uz ug..uy)
d _ -1 du,

(xvi) d—x(cot IX):l+x2’ xeR +...+( dxj(ul U, Uy )

(iv) “Quotient Rule” =——2 2 wherev#0

dx\ v

(o) (s X) = |1
dx |x| x2-1’ i(gj

known as

d 4 -1
(xviii) —(cosec x) =7 |x| >1
dx [xlVx? -1 (b) Chain Rule : Ify=£(u), u=g(w), w="1 (x)

(xix) Results : dy dy du dw
then e T du dw dx
If the inverse functions f & g are defined by
y=/(x) &x=g(y). Theng (f (x)) =x. d , , ,
, or === f(u).g'( ).h(x)
= g (fx).fx)=1. dx
: : Ldy dy
This result can also be written as, if — exists& —— # 0, then
dx dx M&. . '
. d ooy d
d_le/(ﬂj or g_d_leord_yzl/ d d_x¢() Ingenerallfy=f(u)then—y=f(u).—u.
dy dx dx dy dx dy )| dy dx dx

3. THEOREMS ON DERIVATIVES 4. METHODS OF DIFFERENTIATION

4.1 Derivative by using Trigonometrical Substitution

Ifu and v are derivable functions of x, then,

S Term by term differentiation : —— (u + V) _du + dv Using trigonometrical transformations before differentiation
® erm by ferm @iterentiation =g AT+ dx  dx shorten the work considerably. Some important results are
given below :
ii) Multiplication b t ti(Ku)—Kd—u here K i 2
(i) ultiplication by a constant - 4> Where Kis () sin2x=2sinxcosx= l tan;c
+tan® X
any constant
1-tan®x
d dv.  du ii = 2y _1=1-24ilx =——
(i) “Product Rule” d_x(u'v) - ud_X+Vd_X Known as (i) cos2x=2cos*x—1=1-2sin"x L+ tan’ x
2t 1—cos2
In general, i) tan2x = 1 tan ;( tan®x = = cos 2x
—tan” x cos 2x
(@ Ifu,u,u,u,.. u arethe functions ofx, then
(iv) sin3x=3sinx—4sin’x
i(ul.uz.u3.u4.....un) (v) cos3x=4cos’x—3cosx
(vi) tan3x = 3tanx — tan® x
—%(uuu u)+du—2(uuu u,) 1-3tan’x
ax 2 U3 Uy ... Uy Ix 1U3Uy... Uy
.. 1+t
(vii) tan(E + Xj —-ranx
4 1-tanx
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DIFFERENTIATION

(viii) tan (E - x] _1-tanx
4 1+tanx

) (Isinx)=

X . X
CcOos— tsin—
2 2

+
%) tan'x+tan'y=tan~!| 2=
) y

1¥xy

(xi) sin’lxisin’ly:sin’l{qul—yziyxll—xz}
(xii) cos_lxicos_ly=cos‘1{xy¢\/1—x2 Jl—yz}

(xii) sin~'x + cos™'x = tan"'x + cot 'x = sec”'x + cosec”'x = /2

(xiv) sin'x=cosec(1/x); cos 'x=sec”'(1/x) ; tan"'x = cot ' (1/x)

Some standard substitutions :

Expressions Substitutions

(az—xz) Xx=asin 0 ora cos 0

(a2+x2) x=atan 0 oracot0

(x2 —az) x=asec 0oracosec0

a+x a—x
or X =acos 0 ora cos 20
a—x a+x

(a—x)(x—b)or

x=acos’0+bsin’0

x=asec’0—btan’ O

(x—a)(x—b) or

(?_ax—xz) x=a(l—-cos0)

4.2 Logarithmic Differentiation

To find the derivative of :

(%)

Ify={£ ()] or y=£,().£,(x).f, ().

or y=

then it is convenient to take the logarithm of the function
first and then differentiate. This is called derivative of the
logarithmic function.

Important Notes (Alternate methods)

L Ify _ {f(X)}g(X) _ eg(x)ln f(x) ((Variable)vaﬁablc) { x= elnX}

LYy

X (x d i d
2 — o8(x)inf( )_{g(x)_&lnf(x)+lnf(x).&g(X)L

= X ¢x) X M+n x). g'(x
el 2 v 0.0

2. Ify={f(x)}s®

d
. d_)}: = Derivative of y treating f(x) as constant + Derivative of

y treating g(x) as constant

=L n s () < (0)+ () (P s ()

{7 (%) (x)+ g (x) 4 (3} (x)

4.3 Implict Differentiation : ¢ (x,y)=0

(i) In order to find dy/dx in the case of implicit function, we
differentiate each term w.r.t. x, regarding y as a function ofx
& then collect terms in dy/dx together on one side to finally
find dy/dx.

(i) Inanswers of dy/dx in the case of implicit function, both x &
y are present.

Alternate Method : Iff(x,y)=0

of
dy (ax] _ _diff.of f wr.t.x treating y as constant

then —— =
en dx [ of diff. of f w.r.t.y treating x as constant
oy
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DIFFERENTIATION

4.4 Parametric Differentiation

Ify=£(t) & x = g(t) where t is a Parameter, then

dy _dy/dt
dx  dx/dt -
(/fé‘/g/‘/
dy_dy e
dx dt dx
2
) ﬂ:i(ﬂj:i(ﬂjﬂ ('.'ﬂin terms of tj
©odx? dxldx dt\ dx ) dx dx
"(t
:i(f'( )J'; {From(1)}
dtl g'(t) ) (1)

_/(9g'()-g"()/(1)
(o)

4.5 Derivative of a Function w.r.t. another Function

dy dy/dx  f'(x)
Lety=f(x); z=g(x) then dz  dz/dx g'(x)

4.6 Derivative of Infinite Series

If taking out one or more than one terms from an infinite
series, it remains unchanged. Such that

then y=/f(x)+y = -y)=/()

d
Differentiating both sides w.r.t. X, we get (2y— 1) &y =1'(x)

(%))

B Ify= {f(x)}{f(X)) theny= {f(x)}¥ = y=e/W/®

Differentiating both sides w.r.t. x, we get

ay _ e k)
dx 1—{f(x)}y.£n f(x) f(x){l—yénf(x)}

5. DERIVATIVE OF ORDER TWO & THREE

Let a function y = f (x) be defined on an open interval
(a, b). It’s derivative, if it exists on (a, b), is a certain function
1'(x) [or (dy/dx) or y'] & is called the first derivative of y w.r.t.
x. If it happens that the first derivative has a derivative on

(a, b) then this derivative is called the second derivative of

yw.r.t. x & is denoted by f"(x) or (d%y/dx?) ory”.

Similarly, the 3" order derivative of y w.rt. X, if it exists, is

3 2
defined by dy_d d—}zl itis also denoted by /"(x) or y™.
dx  dx|dx

Some Standard Results :

n

@) e (ax+b)" = (mr?!n)!.a“.(ax+b)mn,m2n
R
(i dx" '

dn

(iii) d_“ (em") =m".e™ , meR
X

n

- (sin(ax+b)) =a" sin[ax+b+ﬂj, neN
2

(iv)

dx

n

- (cos(ax+b)): a" cos(ax+b+ﬂj, neN
2

)

dx

Srlen(b o) =i b e ne
X

(vi)

where r = (32 +b2), dp=tan"'(b/a).

n

dx”

(vii)

{ea"_cos(bx + c)} =r".¢™ .cos(bx+c+n¢),ne N

where r = (a2 +b2), dp=tan"'(b/a).
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DIFFERENTIATION

6. DIFFERENTIATION OF DETERMINANTS 7. L' HOSPITAL'S RULE

f(x) g(x) h(x) Iff(x) & g(x) are functions of x such that :
If F(X)=| £(x) m(x) n(x) | . . . ) :
u(x) v(x) w(x) ® lli)l}if(x):O:Egg(x) or lligf(x):oo:)l(l_rgg(x) and
where f g, h, £ m, n, u, v, ware differentiable function of x then (i) Bothf(x) & g(x) are continuous at x =a and

1(x) g’(x) h’(x) f(x) g(x) h(x) (i) Bothf(x) & g(x) are differentiable at x =a and
((x) m(x) n(x) |+ Z’(x) m'(x) n(x) (iv) Bothf'(x) & g'(x) are continuous at x =a, Then
(x)

v(x) w(x)| [u(x) v(x) w(x) f(x):Limitf’(X) £7(x)

u

Limit = Limit & so on till
x—a g(Xx x-a g'(x x—a g"(x
f(x) g(x) h(x) (x) (x) (x)
+ g(x) m(x) n(x) indeterminant form vanishes..
uw'(x) v'(x) w'(x)
8. ANALYSIS & GRAPHS OF SOME USEFUL FUNCTION
. . . T T
() y=sin"(sinx) xeR;ye{—,}
22
y
Repeated Curve EA Main Curve Repeated Curve
4112 ............................................ . > y=m/2
o .": "".. % 1 o ~". ‘." A
} L\\\? & S Vs .);
Tt e > §8 " R N
P = = O x - g K 5 > xory=
.\ O T ,. ........... > y=-12
2
(i) y=cos™ (cosx) xeR;ye[0,7]
y
(m, ™)
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